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Abstract
The detailed understanding of the physical parameters that determine Localized Surface
Plasmon Resonances (LSPRs) is essential to develop new applications for plasmonics. A rel-
atively new area of research has been opened by the identification of LSPRs in low carrier
density systems obtained by doping semiconductor quantum dots. We investigate theoretically
how diffuse surface scattering of electrons in combination with the effect of quantization due to
size (QSE) impact the evolution of the LSPRs with the size of these nanosystems. Two key pa-
rameters are the length R0 giving the strength of the QSE and the velocity βT of the electronic
excitations entering in the length scale for diffuse surface scattering. While the QSE itself only
produces a blueshift in energy of the LSPRs, the diffuse surface scattering mechanism gives
to both energy and linewidth an oscillatory-damped behavior as a function of size, with char-
acteristic lengths that depend on material parameters. Thus, the evolution of the LSPRs with
size at the nanometer scale is very dependent on the relation of size to these lengths, which we
illustrate with several examples. The variety of behaviors we find could be useful for designing
plasmonic devices based on doped semiconductor nano structures having desired properties.
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Introduction
Strong interaction of metal nanosystems with light is the key element driving fundamental and ap-
plied research in plasmonics.1 One of the key aspects that makes surface plasmons useful for e.g.
cancer therapy,2 sensing,3 solar harvesting4 and strong light-matter interactions5 is their tune-
ability which enables resonances from the ultraviolet6 to infrared.7 This is obtained by varying
the size, geometry, materials, and arrangement of nanoparticles and their arrays.8,9 Indeed, only
through careful study of relationships between these parameters and the optical properties of plas-
mons did the previously mentioned and other applications become possible. Perhaps the most
important parameter determining the resonances of localized surface plasmon resonances (LSPRs)
is the nanoparticle size, a fact which can be inferred from the works of Mie.10 However, this clas-
sical treatment of the plasmon ceases to be applicable when the particle size reaches the single
nanometer size range and the LSPR resonance deviates from the quasistatic prediction, either to
the red or blue, depending on circumstances.11 The need to elucidate these observations sparked
extensive experimental and theoretical research which points towards quantum size and non-local
surface effects as determining factors.11–18
Of the remaining parameters which dictate the behavior of LSPRs the plasma frequency ωp
of the metal plays also a key role. Derived from a fit of the Drude model to experimental data,
h¯ωp ranges from a few eV (e.g. K with ca. 3.8 eV) to the teens of eV (e.g. Al with ca. 12-15
eV depending on the data),19,20 yielding LSPR resonances from the UV to the near-IR for spheres
of the same size. The plasma frequency is a function of the carrier density which in metals is
on the order of 1022–1023 cm−3, hence a reduction of the carrier density results in a smaller ωp.
For example, doped semiconductors may have relatively high concentrations of electrons/holes in
the conduction/valence bands, a prerequisite for supporting surface plasmons.21–23 Nanocrystals
made from these materials through well controlled doping have carrier densities on the order of
nc ' 0.5×1021−5×1021 cm−3, a value two orders of magnitude lower than in typical metals.21
Similar densities can also be achieved in synthesized colloidal metal oxide nanocrystals.22 In com-
mon metals the classical density parameter rs = ( 34pinc )
1
3 expressed in units of the Bohr radius is
3
2–6, while in doped semiconductors it reaches 7–15. Even smaller electron densities have been
recently achieved by photodoping of colloidal ZnO quantum dots (QDs), with nc ' 1020 cm−3 or
rs ' 25.24–26 Materials with such dilute carrier densities exhibit an absorption band in the infrared
rather than in the visible part of the electromagnetic spectrum and the energy of the LSPRs can be
tuned by the doping level and the permittivity of the different host media in which the nanocrys-
tal QDs are synthesized. LSPRs of doped semiconductors are very sensitive to changes in the
electronic density. Therefore they can be used for detection of electronic proceses taking place at
the nanoparticle which are important for redox chemistry. Different ways of creating low carrier
density QDs, as well as different aspects of their physical chemistry, are documented in the recent
literature.21–27 It is clear that a better understanding and an accurate description of their optical
properties is still needed to exploit potential applications of these new plasmonics systems. From
a fundamental, microscopic point of view, these systems can be considered as quantum objects
since the wavelength of the carriers can be of the order of the crystal size, which makes them ideal
systems for investigating quantum properties.
Optical properties of small particles are usually studied using the classical electromagnetic
theory of Mie10 in which the electronic transport properties are described by a local (that is in-
dependent of spatial coordinates) dielectric function ε(ω). In many cases ε(ω) is just the bulk
dielectric function of the material even though effects of quantization due to size (quantum size
effect – QSE) have recently been included.12,26,28 For spheres of size in the nanometer scale, this
is done by considering a system of free and independent electrons confined by an infinite potential
barrier at the surface, then solving the Schrödinger equation and computing the dielectric function
using the dipole approximation for the matrix elements. This approach thus concentrates on the
discrete nature of the electronic states within the nanoparticle but does not take into account the
effects of electron-electron interaction which are known to be important in the bulk and at the sur-
face of the typical metals. In particular, the average potential a metal electron feels is not infinitely
abrupt at the surface but rather it is a smooth function of the spatial coordinate perpendicular to
the surface, which allows the metallic wave functions to leak out of the metal.29 This is com-
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monly known as the spill-out effect and, being a genuine surface property, strongly influences the
LSPRs, both in energy and in width, of common metals not only for planar surfaces29–31 but also
in nanosystems.16,32–34
A second surface mechanism, namely diffuse surface scattering, which affects LSPRs in any
geometry originates from the existence of imperfections or roughness at a microscopic scale on
the surface. Diffuse surface scattering causes, on average, omnidirectional reflection of electrons
which arrive at a very rough surface from the bulk. This mechanism when applied to LSPRs
contributes mainly to energy broadening since coherence between single scattering events is lost.
At high electron densities of typical metals the spill-out effect dominates over diffuse surface
scattering29 but, as it was shown in Ref.,35 the spill-out effect decreases much more quickly with
decreasing electron density than diffuse surface scattering. Therefore, at low enough electron
densities, surface spill-out can be effectively neglected and diffuse scattering at the particle surface
becomes the key mechanism contributing to blueshift and energy broadening of the plasmonic
resonances in these systems. One should notice that imperfections in the shape and morphology of
ultra small particles, as well as the presence of absorbed molecules,36,37 are frequent and constitute
the source of diffuse surface scattering.
In a previous publication35 we showed that, at ultra-low electron densities, diffuse scattering
at the surface of nanospheres plays an important role in determining the resonance maximum and
linewidth of LSPRs. We developed a detailed theoretical model that describes diffuse surface
scattering and used it in conjunction with a dielectric function containing the QSE, giving results
consistent with recent experimental results for photodoped ZnO.26 The purpose of the present
work is to get deeper physical insight into the consequences of having diffuse scattering at the
surface of low carrier density nanosystems. We identify and analyze the role that the different
parameters appearing in the theory of the diffuse surface scattering effect play in giving the shape
of the LSPRs. A key parameter is the length R0, dependent on the density and effective mass of
the charge carriers, which gives the strength of the QSE when compared to the particle radius R.
The other key parameter is the velocity of the electronic excitations. We obtain the length scale for
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diffuse surface scattering, ddif, with ddif/R giving the strength of the effect. Other important lengths
emerging from our analysis are the wavelength and the damping length of the oscillations appearing
in the LSPRs which, in addition to the carrier density depend on other material parameters, and that
can change completely the evolution of the plasmon width with size. We also quantify the relative
contributions of QSE and diffuse surface scattering to the blueshift of the resonances. In addition
to photodoped ZnO, we address other low carrier density nanosystems present in the literature.
The variety of behaviors we find for the LSPRs could be useful for designing plasmonic systems
having desired properties.
Theory
A microscopic formulation of the electromagnetic properties of bounded systems requires a model
for the behavior of charge carriers at the surface. This will modify the electromagnetic fields
near the surface with respect to the classical form. However, for comparison with most of the
experiments, one only needs these fields integrated across the surface. In particular, for the case of
spheres of radius R, when the quasi-static limit ωc R 1 is valid, ω being the frequency and c the
speed of light, the optical absorption cross section can be calculated as
σ(ω,R) = 4pi
ω
c
√
εm Im[α(ω,R)], (1)
with the polarizability of the sphere given by38,39
α(ω,R) =
R3
[
(ε(ω)− εm)
(
1− dr(ω,R)R
)
+2dθ (ω,R)R
]
ε(ω)+2εm+2(ε(ω)− εm) dr(ω,R)R +2dθ (ω,R)R
. (2)
In the above equations ε(ω) is the classical, local permittivity of the metal, εm is the permittiv-
ity of the medium surrounding the sphere (assumed to be frequency independent) and the lengths
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dr(ω,R) and dθ (ω,R) are defined as
dr(ω,R) =
1
ε(ω)
εm −1
∞∫
0
dr
Er(r,ω)−Eclr (r,ω)
Eclr (R,ω)
, (3a)
dθ (ω,R) =
∞∫
0
dr
r
R
Dθ (r,ω)−Dclθ (r,ω)
Dclθ (R,ω)
, (3b)
respectively. In eqs. (??) and (??) r is the radial coordinate, Er and Dθ denote the normal to the
surface component of the electric field vector E and the parallel to the surface component of the
displacement vector D, respectively. Eclr and Dclθ are their classical counterparts for a model where
there is an abrupt change from ε(ω) to εm at r = R. Note that Er and Dθ differ from Eclr and Dclθ
only in the region near the surface, recovering the classical results of the Mie theory if dr = 0 and
dθ = 0 in eq. (??). The lengths dr and dθ when compared to the size R give, respectively, the
strength of the spill-out and diffuse surface scattering effects. This can be understood from the
following argument. dr can be related to the electronic charge density, δρ , induced at the surface
by any external perturbation as
dr(ω)
R
=
∫ ∞
0 dr r(R− r)δρ(r,ω)∫ ∞
0 dr r2δρ(r,ω)
. (4)
Notice in eq. (??) that dr = 0 in the classical case, where the induced charge density is a δ -
function at r= R, hence the length dr describes the spill-out effect. Now consider an ideal perfectly
flat surface. Electron scattering at such a surface does not change the parallel component of the
electron momentum and the parallel current is conserved. Since Eθ is a continuous function across
the surface, Dθ is not modified with respect to its classical form and dθ = 0. However, at a very
rough surface (on a microscopic scale) an electron can, on the average, be scattered back in any
direction and the parallel current is not conserved. Consequently, dθ 6= 0.
We should stress that dr(ω,R) and dθ (ω,R) are complex surface response functions whose
real and imaginary parts are not independent but related by Kramers-Kronig relations.40 From the
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structure of eq. (??) it can be readily seen that their real parts contribute mainly to the energy shift
while the imaginary parts contribute to the change in width of the plasmon resonances with particle
size. Then position and width of the LSPRs are, in general, related magnitudes. A common simple
model for describing surface scattering consists of defining an effective damping rate as41
γe f f ≡ 1τe f f =
1
τb
+A
vF
R
, (5)
where τb is the bulk relaxation time due to scattering with phonons and impurities, vF is the Fermi
velocity and A is a constant of the order of unity which is usually taken as an adjustable parameter.
The effective damping rate is then introduced in a Drude dielectric function of the form ε(ω) =
ε∞− ω
2
p
ω2+iωγe f f
, where ωp=
√
nce2
ε0m∗me is the plasma frequency, ε∞ is the high-frequency permittivity
of the material, ε0 is the permittivity of the free space, and m∗ is the effective mass of the charge
carrier in units of the electron mass me. The calculation of the absorption cross section using this
Drude dielectric function in the classical Mie theory produces LSPRs whose position is fixed at
the Drude value ωD =ωp/
√
ε∞+2εm independent of R and only the linewidth scales linearly with
1/R. This is because in this classical model the size of the system only limits the mean free path
of carriers. Therefore this model can only approximate true surface scattering in cases in which
the mechanism slightly affects the plasmon energy, which only occurs in especial circumstances,
as we will see below.
In this work we use a theory for diffuse surface scattering that was first designed for planar
surfaces42–44 and then extended to spheres.45 As a detailed account of it is given in Ref.35 and
in the accompanying Supplementary Information, we only reproduce here the basic ingredients.
The theory embeds a real sphere in an infinite, fictitious medium, both characterized by exactly the
same dielectric functions. Then, a constitutive relation for the polarization P f (r,ω) caused by free
charges inside the real sphere, is written as
1
ε0
P f (r,ω) =
∫
d3r′[ε (r− r′,ω)− ε∞Iδ (r− r′)] ·EM(r′,ω), (6)
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where EM is the electric field vector in the infinite medium, which for |r|< R is the actual electric
field inside the sphere. ε is the dielectric tensor of the medium and the integral extends to the
whole space. In this integral, the region of space |r′|< R describes excitations produced at a point
r′ inside the sphere that propagate directly to the point r. The fictitious region occupying |r′|> R
simulates excitations which arrive at r after having been reflected at the surface. Therefore, the
surface properties are mimicked by values of the electric field EM in the fictitious region of the
infinite medium. We want the sphere surface to reflect electrons completely at random meaning
that, on the average, no excitation originating at the surface will arrive at r. These conditions
require that an equivalent electric field EM in eq. (??) be zero outside the sphere. Hence, the
problem consists of constructing an electric field of the form
EM(r,ω) =
 Esphere(r,ω) for |r|< R0 for |r|> R
which satisfies the Maxwell equations. To do so, one needs a model for the dielectric tensor, ε , of
the medium.
An essential requirement for a theory of diffuse surface scattering is the use of a non-local
transverse dielectric function, in the same way that a non-local longitudinal dielectric function
is required to describe the spill-out effect. The simplest possible form for a non-local transverse
dielectric function is an analogue to the familiar hydrodynamical model for the longitudinal dielec-
tric function. In our approximation ε only depends on spatial coordinates through the difference
r− r′, it is thus convenient to Fourier-transform the permittivity to momentum space where our
non-local transverse dielectric function reads
εT (k,ω) = ε∞−
ω2p
ω2−∆2+ iωγb−β 2T k2
, (7)
where k is a wave vector and βT is a constant proportional to the Fermi velocity vF . Here, the
hydrodynamical-like dielectric function has been implemented to include QSE by means of the
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energy gap ∆ = ωp R0R (see Ref.
11) with R0 =
√
3pia0
4m∗kF ,
46 kF = (3pi2ne)
1
3 being the Fermi wave
vector. The energy gap ∆ (or the length R0) is the first key parameter of our theory.
Since we can neglect spill-out effects35 (low electron density materials), the longitudinal di-
electric function of the sphere is a local one. This choice yields dr = 0. The longitudinal and the
transverse dielectric functions have to be equal in the k= 0 limit, therefore a good approximation
for εL is
εL(ω) = ε∞−
ω2p
ω2−∆2+ iωγb . (8)
Having specified the dielectric response of the medium the electromagnetic normal modes of
the electronic system are known. The longitudinal modes, which are solutions of the equation
εL(k,ω) = 0, are absent because εL is a local dielectric function. The transverse modes are solu-
tions of the equation
k2− ω
2
c2
εT (k,ω) = 0. (9)
For the model of eq. (??) we have two transverse modes given by
T 21,2 =
1
2
(t2+ ω2
c2
ε∞
)
±
√(
t2+
ω2
c2
ε∞
)2
−4ω
2
c2
ε∞S2
 , (10)
where t and S are the pole and the zero of εT , respectively, and are given by
t2 =
ω2−∆2+ iωγb
β 2T
, (11)
and
S2 = t2− ω
2
p
ε∞β 2T
. (12)
Since βT is of the order of vF , and therefore βTc  1, it can be readily seen from eq. (??)
that, to the order βT/c, T1 ' t and T2 ' kt = ωc
√
εT (k = 0,ω). Hence the present approximation
contains the usual polariton mode propagating with wave vector kt and one transverse electron-
hole pair propagating with wave vector t given by eq. (??). Then our simple form of εT substitutes
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the whole spectrum of electronic excitations by just a single electron-hole pair whose energy is
proportional to momentum as ω ' βT t, βT being the velocity of the pair. This means that an
appropriate value for βT could be an average value over the whole spectrum. For large metallic
systems, βT = vF√5 in order to fit the low frequency limit of the Lindhard dielectric function even
though other choices can be found in the literature. The velocity βT is the other key parameter of
the theory (R0 being the first).
Once the electromagnetic field is found, the absorption cross-section of the sphere can be ob-
tained and compared with the form of eqs. (??) and (??) in the quasi-static limit. This allows us to
obtain the length dθ (ω,R) as
dθ (ω,R)
R
=−i(ε− ε∞)(tR)h(1)1 (tR) j1(tR), (13)
where j1 and h
(1)
1 are the spherical Bessel functions and ε(ω) = εT (k = 0,ω). We have checked
numerically that eq. (??) fulfills Kramers-Kronig relations, as it should. Eq. (??) is the most
important result of our theory for diffuse surface scattering.
Finally, an effective size-dependent dielectric function for a sphere, ε˜(ω,R), is derived as
ε˜(ω,R)≡ ε(ω)+2dθ (ω,R)
R
= ε(ω)+ εθ (ω,R), (14)
where we have defined
εθ (ω,R)≡−2i(ε(ω)− ε∞)(tR)h(1)1 (tR) j1(tR). (15)
We call εθ (ω,R) the surface correction to the dielectric function due to diffuse scattering. It is
also the basic function for analyzing results presented in the next section. To this end, we use
large-argument asymptotic expansions of the Bessel functions, which are good approximations for
11
the values of R used here, to yield
εθ (ω,R)≈ i
ω2p
(ω2−∆2+ iωγb) 32
βT
R
[
1+ ei2tR
]
, (16)
which exhibits the proportionality between εθ and the parameter βT . Defining the complex variable
z as
z≡ tR= ωDR
βT
√
ω˜2− ∆˜2+ iω˜ γ˜b, (17)
where we have used the reduced magnitudes ω˜ ≡ ωωD , ∆˜≡ ∆ωD =
√
ε∞+2εmR0R and γ˜b ≡ γbωD (ωD =
ωp/
√
ε∞+2εm being the Drude frecuency), eq. (??) reads
εθ (ω,R) = i
βT
ωDR
ε∞+2εm
(ω˜2− ∆˜2+ iω˜ γ˜b) 32
[
1+ ei2z
]
. (18)
Furthermore, since γb ≤ ωD, z in eq. (??) can be approximated as
z≈ ωDR
βT
[√
ω˜2− ∆˜2+ i
2
γ˜b
ω˜√
ω˜2− ∆˜2
]
. (19)
When eq. (??) is substituted into eq. (??) we find different behaviors of εθ depending on R.
The region of large values of R where QSEs do not impact surface scattering is defined as ∆˜ 1.
In this region ω˜ ≈ 1, and eq. (??) reads
z≈ ωDR
βT
+
i
2
γbR
βT
. (20)
Then, εθ in eq. (??) is practically independent of ω˜ and can be approximated as
εθ ≈ i βTωDR(ε∞+2εm)
[
1+ ei2z
]
, (21)
with z given by eq. (??). Equation (??) allows us to define the length scale for diffuse surface
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scattering as
ddif ≡ βTωD (ε∞+2εm) =
βT
ωp
(ε∞+2εm)
3
2 . (22)
Moreover, eq (??) presents damped oscillations as a function of R, a characteristic that will be
translated to the energy and width of the LSPRs. The oscillations are of wave length λo ' pi βTωD and
are damped within a typical length λd = βTγb . For R large enough so that
R
λd
 1, the oscillations
are fully damped and the sphere surface behaves as a planar surface for scattering of electrons.47
In this case
εθ ≈ iddifR (23)
and εθ has only an imaginary part. Then, the effect of diffuse surface scattering is to broaden
the LSPRs for decreasing R linearly with 1/R with a slope proportional to βT (or vF ) without
moving their position in energy, which are just the results of the simple model of eq. (??). In the
intermediate region, Rλd ≈ 1, the oscillations of εθ show up in the LSPRs and the wave length λo can
be used for an experimental determination of the parameter βT . Finally another region is that of
small R, ∆˜' 1, where QSE have an impact on diffuse surface scattering and εθ (ω,R) depends on
both of its variables. At shorter R, eq. (??) is not such a good approximation to εθ and a numerical
evaluation of eq. (??) is necessary. Examples of the different regimes are presented in the next
section.
We have just stressed that QSEs affect the surface scattering properties at small sizes. However,
QSEs appear in our theory even if we neglect diffuse surface scattering by making βT = 0. In this
case we are left with a local dielectric function of the Lorentz type: ε(ω) = ε∞−ω2p(ω2−∆2 +
iωγb)−1, which blueshifts the resonance energy relative to its Drude value as
ωQSE
ωD
=
√
1+ ∆˜2, (24)
while the linewidth equals γb independent of R. Therefore, in our general theory with both QSEs
and diffuse surface scattering present, the width of the LSPRs is larger than γb as a consequence of
the later, even though the amount of increase may be very dependent on ∆ for small R. However,
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as both effects contribute independently to the blueshift of the LSPR energy, an estimation of their
relative contributions is given in the next section. At this point let us comment that if the surface
plasmon energy is dominated by QSEs, then ω˜ ' ωQSEωD , ω˜2− ∆˜2 ' 1, and the approximate value of
z to be substituted in eq (??) is
z≈ ωDR
βT
+
i
2
γbR
√
1+ ∆˜2
βT
. (25)
Therefore, increasing R0 makes the damping length of the oscillations to effectively decrease.
Hence strong QSEs tend to decrease the plasmon width. We also notice in eqs (??), (??) and (??)
that it is R˜0 = R0
√
ε∞+2εm rather than R0 itself that is the length controlling the strength of the
QSE.
Results and discussion
We calculate the absorption cross section (eq ??)35 to obtain the position, ωR, and the width, ΓR,
of the LSPRs. The width is defined as the full width at half maximum of the absorption curve.
We first show calculations for the case of ultralow-electron-density photodoped ZnO nanocrystals
in toluene, using the experimental values of the parameters: ε∞ = 3.72, εm = 2.25, m∗ = 0.28
and γb =0.1 eV.26 With these values, we use the lower limit of the experimental electron density,
ne = 1× 1020 cm−3, to get the experimental surface plasmon energies at the largest radii. Then,
rs= 25.3, the Fermi velocity vF = 0.59×106 m s−1 and ωp=
√
nee2
ε0m∗me = 0.70 eV. To illustrate the
different behaviors of εθ (ω,R), βT and R0 are varied from their reference values, β
(r)
T = vF/
√
5
and R(r)0 =
√
3pia0
4m∗kF = 0.56 nm, by less than 40%. The crystal size is in the nanometer range with
1.5 nm < R < 12 nm. We note that the scale length for diffuse surface scattering d(r)dif = 5.85 nm
is in the middle of the range so we can expect substantial effects in this system. Moreover, since
R˜(r)0 = 1.6 nm, QSEs have an impact on ΓR and ωR at short radii.
Figure 1 shows the LSPR width ΓR as a function of R−1 for R0 = 0 (QSEs neglected) and
R0 = 1.2R
(r)
0 and three values of βT . The different behaviors of εθ described above show up
14
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Figure 1: Width of the LSPRs of ultralow-electron-density ZnO spheres in toluene as a function
of R−1 for R0 = 0 (black lines) and R0 = 1.2R
(r)
0 (red lines) and different values of βT , βT = β
(r)
T
(dashed lines), βT = 1.2β
(r)
T (continuous lines) and βT = 1.4β
(r)
T (dot-dashed lines). Even though
ΓR is very sensitive to the values of both parameters at short radii, it shows a clear decrease with
increasing strength of the QSE.
clearly in the width. We see the region of very large values of R where the width scales linearly
with R−1 with a slope proportional to βT . Then, as discussed above, the oscillatory region appears
(0.2 . R−1 . 0.4 nm−1) where QSEs are not important and the width depends weakly on R0. In
this region εθ depends on R only trough the ratio R/βT so that a change in βT by a factor f is
completely equivalent to rescale R by the same factor (see eqs. (??-??)), a characteristic translated
to the width. Finally, for R−1 & 0.5 nm−1, QSEs come into play. Notice that in this region ΓR
is very sensitive to the values of both parameters βT and R0, even though it follows the trend of
increasing width with increasing βT for fixed R0. For fixed βT , the width decreases with increasing
R0 following the increase of Im[z] in eq. (??), as commented above. Hence strong QSEs tend to
decrease the plasmon width.
Figure 2 displays ωR normalized to its Drude value for the same values of the parameters as in
Figure 1. The resonance position is strongly blueshifted even in the absence of QSEs (R0 = 0) and
behaves approximately as the width. However, for R−1 & 0.3 nm−1, it shows a remarkable linear
scaling with R−1 with a slope increasing with both R0 and βT . As reference for the importance
of the QSEs alone, the results of eq. (??) for R0 = 1.2R
(r)
0 are shown by dots. At large radii
(R−1 . 0.25−0.35 nm−1) the surface plasmon energy is dominated by QSEs. The radius at which
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diffuse surface scattering becomes important is determined by βT – the larger βT is, the larger is
the critical radius below which diffuse scattering is visible.
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Figure 2: The energy of the LSPRs (relative to the Drude value) of ultralow-electron-density ZnO
spheres in toluene as a function of R−1 for R0 = 0 (black lines) and R0 = 1.2R
(r)
0 (red lines) and
different values of βT , βT = β
(r)
T (dashed lines), βT = 1.2β
(r)
T (continuous lines) and βT = 1.4β
(r)
T
(dot-dashed lines). The values of ωQSE/ωD for R0 = 1.2R
(r)
0 are shown by green dots.
We want to quantify the relative contributions of QSEs and diffuse surface scattering to the
energy of the LSPRs. This is not always strictly possible since, as we said above, QSEs modify
the diffuse surface response εθ in a non-trivial way. However, guided by the results of Figure 2,
we estimate the effect of quantization due to size using the function ωQSE/ωD of eq. (??), then
ωdif/ωD ≡ (ωR−ωQSE)/ωD defines our estimation of the effect of diffuse surface scattering. This
function is plotted in Figure 3a for three values of βT and two values of R0, showing that it depends
strongly on βT being not so dependent on R0, so it gives a good estimate of the effect of diffuse
surface scattering.
We now define the total blueshift of the resonance energy, relative to ωD, as (ωR−ωD)/ωD,
the relative contribution to the energy blueshift of QSEs as (ωQSE−ωD)/ωD, and the contribution
of diffuse surface scatteing is then ωdif/ωD = (ωR−ωQSE)/ωD. These contributions are shown
in Figure 3b for the parameters that give a good account of the experimental results of Ref.,26
R0 = R
(r)
0 and βT = 1.3β
(r)
T .
35 Notice that the blueshift of the resonance can be as large as 80%
of the Drude value. One sees that both QSEs and diffuse surface scattering contribute nearly the
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Figure 3: (a) Contribution of diffuse surface scattering to the blueshift and of ultralow-electron-
density ZnO spheres in toluene as a function of R−1 for R0 = R
(r)
0 (red lines) and R0 = 1.2R
(r)
0
(blue lines) and different values of βT , βT = β
(r)
T (dashed lines), βT = 1.2β
(r)
T (continuous lines)
and βT = 1.4β
(r)
T (dot-dashed lines). (b) The relative blueshift in energy of the LSPRs of ultralow
electron density ZnO spheres as a function of R−1 (black line) is obtained as the sum of the contri-
bution of QSEs (blue line) and the contribution of diffuse surface scattering (red line), for R0 = R
(r)
0
and βT = 1.3β
(r)
T the values of these parameters that give a good account of the experimental values
of the energy and width of the LSPRs in Ref.26 The relative blueshift reaches 80% at the shortest
radii with both, QSEs and diffuse surface scattering contributing nearly the same amount.
same to the experimental blueshift at all radii such that R−1 & 0.3 nm−1.
In the experiments of Schimpf et al.26 the electron density was estimated to be ne = (1.4±
0.4)×1020 cm−3 and we used the lower limit to reproduce the experimental values of ωR at large
R. However, we have checked that the behavior of the LSPRs just described does not change
qualitatively when changing the electronic density within the experimental uncertainty. A different
pattern would have been encountered if the electronic density could have been increased by a
factor of 10, to ne = 1× 1021 cm−3, without changing the rest of the material parameters. We
call this system low-electron-density ZnO in toluene for which rs = 11.7, vF = 1.23×106 m s−1
ωp = 2.22 eV, R
(r)
0 = 0.38 nm, R˜
(r)
0 = 1.09 nm, and d
(r)
dif = 3.96 nm.
Figure 4 shows ΓR of low-electron-density ZnO as function of R−1 for several values of the
parameters R0 and βT . Two differences with the previous case are noticeable. First, the decrease
in R˜(r)0 causes that QSEs do not impact diffuse surface scattering. Therefore they are actually
independent effects and the respective contributions can be added. Second, the oscillatory-damped
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Figure 4: Width of the LSPRs of low-electron-density ZnO as a function of R−1 for two values of
βT , βT = β
(r)
T (dashed lines), βT = 1.4β
(r)
T (continuous lines) and R0 = 0 (green lines), R0 = R
(r)
0
(black lines), R0 = 1.2R
(r)
0 (red lines), and R0 = 1.4R
(r)
0 (blue lines). In this system the plasmon
width has an oscillatory-damped behavior in the whole nanometer range of radii which is indepen-
dent of the QSE.
behavior of εθ occurs in the whole nanometer range of R and the oscillations are less damped as a
consequence of having a smaller wave length and a larger damping length than in the experimental
ultralow-electron-density system. The wave length of the oscillations is λo ' 1.5− 2 nm and the
effect could be detected in samples with a dispersion in sizes smaller than 1 nm, which seems
experimentally feasible. The rescaling of R with βT in the whole range of radii is also apparent in
the Figure. Figure 5a shows ωdif/ωD for the same values of the parameters as in Figure 4. It reveals
a saw-tooth-damped behavior and also the rescaling of R with βT . Notice that the contribution
of diffuse surface scattering to the energy shift at short radii is smaller than the one shown in
Figure 3a because the value of d(r)dif is smaller than for ultralow-electron-density ZnO. The relative
contributions of QSE and diffuse surface scattering to the energy shift of the LSPRs are displayed
in Figure 5b. Even tough the total relative energy shift is not so large as for ultralow-electron-
density ZnO (Figure 3b), because of the smaller values of both d(r)dif and R˜
(r)
0 , the contributions of
both effects can be similar also in this case. It is interesting to note that the oscillations caused by
diffuse surface scattering can change the sign of the energy shift from blue to red.
We finally analyze the case of Cu2−xS QDs doped to hole densities on the order of nh' 1×1021
cm−3 dispersed in tetrachloroethylene (TCE), one of the systems where LSPRs arising in low
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Figure 5: (a) Contribution of diffuse surface scattering to the blueshift of low-electron-density
ZnO spheres as a function of R−1 for the same values of the parameters as in Figure 4. (b) The
relative blueshift in energy of the LSPRs of low-electron-density ZnO spheres as a function of R−1
(solid lines) is obtained as the sum of the contribution of QSE (blue line) and the contribution of
diffuse surface scattering (dashed lines). R0 = R
(r)
0 and two values of βT , βT = β
(r)
T (red lines),
βT = 1.4β
(r)
T (black lines). Even though the relative blueshift is smaller than for ultralow-electron-
density ZnO, both effects contribute nearly the same also in this case. The saw-tooth oscillations
of the diffuse scattering contribution can change the sign of the energy shift from blue to red.
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Figure 6: (a) Width and (b) Energy of the LSPRs of low-electron-density Cu2−xS as a function
of R−1 for βT = β
(r)
T and two values of R0, R0 = 0 (dashed line) and R0 = R
(r)
0 (continuous line).
The plasmon width has a linear scaling with R−1 up to R−1 ≈ 0.5 nm−1, and, correspondingly, the
plasmon energy only increases slightly in this case. Due to the small value of R˜0, QSE are small in
the nanometer range of radii.
20
carrier density nanocrystals were earlier reported.21 The values of the parameters are ε∞ = 1,
εm = 2.28, m∗ = 0.8. We chose γb =0.17 eV in order to approximately reproduce the width of the
R = 3 nm crystal of.21 Using nh = 1× 1021 cm−3, we obtain rs = 11.7, vF = 0.45× 106 m s−1,
ωp = 1.31 eV, R
(r)
0 = 0.23 nm, R˜
(r)
0 = 0.54 nm, and d
(r)
dif = 1.33 nm. Notice that R˜
(r)
0 is smaller
by a factor of 0.5 and d(r)dif is smaller by a factor of 0.3 than the corresponding values for our
previous system, both systems having equal carrier densities. Consequently, we expect smaller
effects of QSE and diffuse surface scattering for Cu2−xS in TCE than for low-electron density
ZnO in toluene. Figure 6a,b shows, respectively, the width and the energy of the LSPRs for R
in the nanometer range and βT = β
(r)
T , neglecting QSEs (R0 = 0), and including the QSEs with
R0 = R
(r)
0 . What happens in this system is that the large value of the bulk damping γb, a factor of
1.7 larger than for photodoped ZnO, with nearly equal Fermi velocities, makes the damping length
of the oscillations to be short. We therefore find a large range of values of R where the width scales
linearly with R−1 and, correspondingly, a very small energy shift is found at these radii. Compared
to our previous system, we notice that the width of the resonances increases with respect to γb by a
factor of 1.5 at most while factors of 3 were found in Figure 4 for βT = β
(r)
T . Moreover, as seen in
Figure 6b, the small value of R(r)0 in this system also makes QSEs to be small and, consequently,
the energy of the LSPRs increases by 8% while it is 30% for the case of low-electron density ZnO
with the same ratio of R0/R
(r)
0 and βT/β
(r)
T , shown in Figure 5b.
Conclusions
In this article, we have investigated the role that effects of quantization due to size and diffuse
surface scattering play in modifying the LSPRs of low-density carrier nanospheres as a function
of size, using the theory expounded in detail in Ref.35 The two key parameters of the theory are
the length R0 giving the strength of the QSEs and the velocity βT of the electronic excitations,
entering in the length scale for diffuse surface scattering ddif. While in our theory the QSE itself
only produces a blueshift in energy of the LSPRs with particle size, the diffuse surface scattering
21
mechanism gives to both energy and linewidth an oscillatory-damped behavior with characteristics
lengths that depend on the carrier density and on other material parameters as well. Thus, the
evolution of the LSPRs with particle size at the nanometer scale is very dependent on the relation
of size to these lengths, which we illustrated with several examples. Our calculations for the
energy shift of the resonances (relative to the Drude value) showed a critical dependence on these
lengths as we obtained 80% blueshift for ultralow electron density ZnO spheres in toluene and 8%
blueshift for Cu2−xS spheres of the same radii in TCE. Significant differences in the magnitude
of the plasmon width (relative to the bulk value) are also found among the investigated systems.
The variety of behaviors we found for the LSPRs could be useful for designing plasmonic devices
based on doped semiconductor nano structures having desired properties.
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